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In the last few years, there has been a resurgence of interest in obtaining observational bounds
on the graviton mass, following the detection of gravitational waves, because of the versatility of
massive graviton theories in resolving multiple problems in cosmology and fundamental physics. In
this work, we apply the method proposed in Rana et al. [1], which consists of looking for Yukawa-like
fall off in the gravitational potential, to stacked galaxy cluster catalogs from three disparate surveys.
These include catalogs from 2500 sq. degree SPT-SZ survey, the Planck all-sky SZ catalog, and a
redMaPPer selected catalog from 10,000 sq. degree of SDSS-DR8 data. The 90% c.l. limits which we
obtained on the graviton mass using SPT, Planck and SDSS are: mg < 4.73×10−30 eV, 3.0×10−30
eV, and 1.27× 10−30 eV respectively; or in terms of Compton wavelength are λg > 2.62× 1020 km,
4.12× 1020 km, 9.76× 1020 km. These limits are about five times more stringent than the previous
best bound from galaxy clusters.
PACS numbers: 97.60.Jd, 04.80.Cc, 95.30.Sf
I. INTRODUCTION
There has been a renewed interest in obtaining up-
dated bounds on the graviton mass from solar system,
galactic and extragalactic observations [1–4], following
the recent detection of gravitational waves from the
LIGO detectors [5–7]. These massive gravity theories can
solve multiple problems in cosmology and fundamental
physics [2]. A comprehensive summary of all the observa-
tional/experimental bounds on the mass of the graviton
as well as the sensitivity from future observations can be
found in the comprehensive review by Ref. [8], with a tab-
ular summary in Table 1 therein. These have also been
succinctly summarized very recently in Refs. [1, 2, 9],
wherein more details can be found. After these works,
there have also been updated graviton mass bounds us-
ing solar system [3] and S2 star orbits [4]. However, these
are less stringent than the existing bounds documented in
Ref. [8]. Here, for brevity, we only focus on past and cur-
rent limits on graviton mass using galaxy clusters, which
look for consistency of the dynamics with a Yukawa po-
tential.
Galaxy clusters are the biggest gravitationally bound
objects in the universe [10]. In recent years, a large num-
ber of on-going (or recently completed) surveys in the
optical [11, 12], microwave [13–15], and X-ray [16] have
enabled the discovery of large number of new galaxy clus-
ters up to very high redshifts. These discoveries have also
enabled us to constrain a large class of modified theories
of gravity [17–31].
However, despite the power of galaxy clusters in testing
beyond-GR theories, until this year there was only one
published limit on graviton mass using galaxy clusters
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from 1974 by Goldhaber and Nieto [32]. This was ob-
tained (following earlier arguments along the same lines
by Hare [33]), by invoking Bertrand’s theorem and the
fact that the characteristic size of Holmberg galaxy clus-
ter catalog is about 580 kpc [34]. They then obtain a limit
of mg < 1.1 × 10−29 eV, by looking for O(1) departures
from Newtonian gravity at a distance of 580 kpc. How-
ever, as discussed in Refs. [1, 2], the limit is extremely
rough with no confidence level provided and the funda-
mental edifice used for obtaining this bound has recently
been shown to be invalid [35].
In 2018, two different works published updated limits
on graviton mass using galaxy clusters. The first pa-
per [2] used the dynamical mass modeling of Abell 1689
cluster [36, 37], obtained using high resolution weak and
strong lensing data [38, 39] to look for deviations be-
tween the accelerations from Yukawa and Newtonian po-
tentials. From this analysis, a 90% c.l. upper limit of
mg < 1.37×10−29 eV or λg > 9.1×1019 km was obtained.
Soon thereafter, Rana et al [1] (hereafter R18) obtained
limits on graviton mass by looking for deviations between
Newtonian and Yukawa acceleration profiles and stacking
the galaxy cluster catalogs from the ACT SZ (Sunyaev-
Zeldovich) survey [14] and also using the weak lensing
catalogs from the LoCuSS collaboration [40]. From this
analysis, they obtained a much more sensitive limit of
mg < 5.3 × 10−30 eV, using the weak lensing dataset,
and mg < 8.3× 10−30 eV using the SZ dataset. Here, we
apply the same formalism and methodology as in R18 to
some of the biggest galaxy cluster catalogs in optical and
SZ with well-calibrated masses, to constrain the graviton
mass.
This manuscript is organized as follows. We discuss
the method used to constrain the graviton mass from
stacked cluster catalogs in Section II. The dataset used
for this analysis is outlined in Section III. Our results can
be found in Section IV. We conclude in Section V.
ar
X
iv
:1
81
0.
00
19
8v
1 
 [a
str
o-
ph
.C
O]
  2
9 S
ep
 20
18
2II. METHODOLOGY
Here, we briefly recap the salient features of the
method used in R18 to obtain bounds on graviton mass
and also use their notation.
In Newtonian gravity, gravitational acceleration fol-
lows the inverse square law. So, for a given mass of a
galaxy cluster say, M∆ within a radius R∆, the Newto-
nian acceleration will be:
an =
GM∆
R2∆
(1)
where G is the Gravitational constant and R∆ is the dis-
tance from the core of cluster at which the density of
galaxy cluster becomes ∆ times the critical density ρc for
an Einstein-DeSitter universe at that epoch. ∆ is usually
referred to as the over-density in Cosmology literature.
The critical density is given by ρc =
3H2(z)
8piG
, where H(z)
is the Hubble parameter at redshift z. The mass of the
galaxy cluster can be evaluated from the density of the
galaxy cluster within a radial distance of R∆ [1]:
M∆ = ∆× ρc × 4pi
3
R3∆ (2)
Now, to quantify the differences between a Newtonian
and Yukawa potential, we need to determine the gravi-
tation acceleration in a Yukawa potential. This can be
obtained from the gradient of the Yukawa potential and
can be written as [41]:
ay =
GM∆
R∆
exp(−R∆/λg)
(
1
R∆
+
1
λg
)
(3)
For our analysis, we need to write down the equations
for both these accelerations in terms of observables and
eliminate unknowns such as the galaxy cluster radius.
Therefore, plugging R∆ from Eq. 2 in terms of M∆; an
from Eq. 1 and ay from Eq. 3 can be re-written as follows:
an(z,M∆) = (GM∆)
1/3
(
H2(z)∆
2
)2/3
(4)
and
(5)ay(z,M∆, λg) = (GM∆)
2/3
(
H2(z)∆
2
)1/3
×
exp
[
− 1
λg
(
2M∆G
H2(z)∆
)1/3][
1
λg
+
(
H2(z)∆
2M∆G
)1/3]
To determine the upper bound on the graviton mass,
we need to calculate the χ2 profile for which we need
the accelerations from both the potentials. For this, we
shall use the inferred M∆ from the masses of galaxy clus-
ters obtained from SZ/optical surveys corresponding to
a given radius overdensity.
In order to solve Eqs. 4 and 5, we also need to eval-
uate the Hubble parameter H(z) at any redshift z. For
this, we need independent sources of measurements of
the Hubble parameter at different redshifts. We have
used 31 H(z) measurements obtained from the cosmic
chronometric technique within the redshift range of 0.07
< z < 1.965 [42]. To determine H(z) value at any input
redshift, we have fit the data to a non-linear function,
which mimics the behavior of H(z) in a flat ΛCDM cos-
mology [42, 43]. The premise here is that a very tiny
graviton mass does not largely change the expansion rate
of the universe compared to ΛCDM.
H(z) = A
√
(B(1 + z)3 + C). (6)
We have kept A fixed at 70 km/sec/Mpc and the un-
knowns B and C in Eq. 6 can be obtained using the
least squares fitting technique as seen in Fig. 1. This
parameterization allow us to evaluate the Hubble pa-
rameter at any input redshift. Note that this proce-
dure is slightly different from R18, who have instead used
the non-parametric procedure of Gaussian regression to
model H(z). They also used H(z) measurements compiled
in Ref. [44], instead of Ref. [42]. Our best-fit values for B
and C are given by B = 0.3±0.025 and C = 0.65±0.078.
Note that in ΛCDM cosmology for a flat universe, A, B
and C are equal to H0, ΩM and ΩΛ respectively. But
for this analysis, they can be considered as arbitrary free
parameters used for evaluating H(z).
Once we have the mass for a given cluster, to quantify
the deviations between Newtonian and Yukawa gravity,
we construct a χ2 functional given by:
χ2 =
N∑
i=1
(
an − ay
σa
)2
, (7)
where an is the Newtonian acceleration defined in Eq. 4;
ay is the Yukawa acceleration defined in Eq. 5; and σa is
the error in acceleration; N is the total number of clusters
and is defined in R18 as follows:
σa =
an
3
√(
σM∆
M∆
)2
+ 16
(
σH
H(z)
)2
(8)
As emphasized in R18, this procedure is not completely
model-independent. The mass estimates or mass calibra-
tion for the optical or SZ-selected galaxy cluster catalog
is obtained using standard ΛCDM , whose edifice is based
upon GR. Furthermore, the density profile used for their
mass modeling is the well-known NFW profile [45], which
is obtained from N -body simulations of particles inter-
acting via Newtonian gravity. Another premise here is
that all the different components of the galaxy cluster
(dark matter, gas, galaxies) follow the same functional
form for the gravitational potential. If the dark mat-
ter candidate is a massive graviton [46–48], then only
the dark matter potential will show a Yukawa behavior.
Furthermore, unlike in Ref. [2], we also do not make use
of any direct or indirect measurements of the acceleration
profile for any galaxy cluster. A completely ab-initio de-
termination of the limit on graviton mass is beyond the
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FIG. 1: H(z) as a function of redshift, z. The red points
along with error bars denote the 31 measurements of H(z) [42],
which are fitted against Eq. 6 using least-squares fitting, giv-
ing us B = 0.3± 0.025 and C = 0.65± 0.078.
scope of this work and will require extensive simulations
and calibration of these simulations for a different gravi-
ton mass. However, all current bounds on graviton mass
involve some amount of model-dependence [2].
III. CLUSTER CATALOGS
Here, we discuss galaxy cluster catalogs used for our
analyses.
A. SPT SZ
The South Pole Telescope (SPT) [49] is a 10-meter
telescope located at the South Pole and one of its main
physics goals is to detect new galaxy clusters using the
Sunyaev-Zeldovich (SZ) [50] effect. In 2011, SPT com-
pleted a 2,500 sq. deg survey of the southern skies at
95, 150, and 220 GHz and detected a total of 677 galaxy
clusters with SNR >4.5 [13]. As of 2014, 516 of these
were optically confirmed with measured redshifts and
masses [13]. Although, further optical/NIR follow-up
and mass calibration of all of these clusters and clus-
ter candidates is still ongoing using DES and other tele-
scopes, for this analysis we use the measured masses and
redshifts published in Bleem at al [13]. The median mass
of this sample is M500 = 3.5× 1014M and median red-
shift is zmed = 0.55. The full SPT catalogs with masses
and redshifts along with errors can be downloaded from
https://pole.uchicago.edu/public/data/
sptsz-clusters/index.html
B. Planck SZ
Planck was a satellite mission, operating from 2009 to
2013, with the microwave sky at nine different frequen-
cies. In their third data release in 2015, Planck released
an all-sky catalog of 1653 cluster candidates, of which
1203 were confirmed (as of 2015). The catalogs consisted
of a union of three different matched-filter pipelines, as
discussed in Ref. [15]. Although optical follow-up of
the remaining unconfirmed candidates is also ongoing
(eg. [51]), for this analysis we use the tabulated masses
and redshifts from 907 clusters, distributed at the time
of 2015 Planck data release. The mean mass of the con-
firmed clusters is M500 ∼ 4.82 × 1015M and the mean
redshift is 0.25. The 2015 Planck SZ catalog is available
online at https://heasarc.gsfc.nasa.gov/W3Browse/
radio-catalog/plancksz.html.
C. SDSS DR8 redMaPPer
redMaPPer is a red-sequence based galaxy cluster find-
ing algorithm [11, 12], which has been applied to data
from multiple photometric surveys such as SDSS, DES,
HSC, CFHT, etc. For every galaxy cluster, redMaPPer
provides a photometric redshift and an optical richness
parameter called λ. For this analysis, we use the catalog
of 26,111 clusters [12] obtained by running redMaPPer
v6.3 on SDSS DR8 [52] covering 10,000 sq. degrees. The
calibration relation between λ and the cluster mass has
been discussed in a number of papers (see the discussion
in Ref [53]). For this work, we use the richness-mass re-
lation from Ref. [54], which used weak lensing data for
mass calibration of redMaPPer clusters as this accounts
for both the statistical and systematic errors [53]. The
redshift mass relation from this work is given by [54]:
M200 = 10
a
(
λ
40
)b
h−1M, (9)
where a = 14.344 ± 0.031, and b = 1.33 ± 0.1 and h is
the Hubble constant divided by 100 km/sec/Mpc. Note
that the error in a is the quadrature sum of the statistical
and systematic errors documented in Ref. [54], whereas
the error in b is the larger of the asymmetric (upper and
lower) errors. The mean redshift and mass of this sample
is at z = 0.36 and M200 = 2.2× 1014Mh−1. The SDSS
redMaPPer v6.3 DR8 catalog can be downloaded from
http://risa.stanford.edu/redmapper/v6.3/
redmapper_dr8_public_v6.3_catalog.fits.gz
IV. RESULTS
To calculate the upper limit on the graviton mass, we
evaluated Eq. 7 separately for each of the three catalogs
described in Sect. III. The 90% c.l. upper limit on the
graviton mass is obtained from the mass for which ∆χ2 =
40 2 4 6 8 10
mg(× 10−30eV)
10-4
10-2
100
102
104
∆
χ
2
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FIG. 2: ∆χ2 as a function of graviton mass using stacked
cluster catalogs from SPT, Planck and SDSS DR8 selected
using redMaPPer. The solid magenta line at ∆χ2 = 2.71 gives
us the 90% c.l. upper limit on the graviton mass. These upper
limits correspond tomg < 4.73×10−30 eV, 3.0×10−30 eV, and
1.27× 10−30 eV for SPT, Planck and SDSS respectively and
are about five times more stringent than the corresponding
limits in Ref. [1].
2.71 [55]. As discussed in Ref. [2], despite the proximity
to the physical boundary, the ∆χ2 values needed for a
given confidence interval remain the same as without a
physical boundary [56]. For this case, since χ2min=0, ∆χ
2
is trivially equal to the χ2 value evaluated in Eq. 7. These
trends of χ2 as a function of the graviton mass for all the
three datasets are shown in Fig. 2. From these curves,
the 90% c.l. upper limits on the graviton mass from SPT,
Planck and SDSS are mg < 4.73× 10−30 eV, 3.0× 10−30
eV, and 1.27 × 10−30 eV respectively. In terms of the
Compton wavelength, the 90% c.l. lower limits are given
by λg > 2.62 × 1020 km for SPT, λg > 4.12 × 1020 km
for Planck, and λg > 9.76 × 1020 km for SDSS. For a
direct comparison to R18 results, we also report the 68%
c.l. upper bounds, which are 3.45 × 10−31 eV, 2.33 ×
10−31 eV, and 9.8×10−31 eV for SPT, Planck and SDSS
respectively. These limits have been tabulated in Table I.
Therefore, the most stringent limits are for the SDSS
sample, because of the larger number of clusters (26,111).
Our limits are a factor of five more sensitive than those
obtained by R18 using the LoCuSS weak lensing catalog
and about an order of magnitude more sensitive then
the limit using the Abell 1689 cluster [2]. However, this
is still two orders of magnitude less stringent then the
weak lensing bound obtained in Ref. [57], although there
is some circularity used in obtaining that limit [2].
V. CONCLUSIONS
Two recent papers from 2018 [1, 2] have obtained up-
dated limits on graviton mass using galaxy clusters with
complimentary techniques to supersede the extremely
rough limit obtained 45 years ago [32]. Ref. [2] looked for
deviations between the estimated Yukawa acceleration
and observed acceleration for Abell 1689, using the den-
sity profiles for dark matter, gas and the central galaxy,
to obtain a limit of mg < 1.37 × 10−29 eV at 90% c.l.)
The other paper [1] (R18) stacked galaxy clusters from
two different surveys: one of them from the LoCuSS weak
lensing survey and the other from the ACT SZ survey.
R18 looked for deviations between Yukawa and Newto-
nian acceleration profiles and obtained a limit, which is
about an order of magnitude more stringent than the one
in Ref. [2], of mg < 5.9× 10−30 eV.
We followed the same procedure as R18 and did more
or less the same analysis on three separate catalogs from
recently completed galaxy cluster surveys in optical and
microwave wavelength regimes. These include about 500
galaxy clusters from the 2500 sq. degree SPT-SZ sur-
vey [13], 900 galaxy clusters from the Planck all-sky SZ
survey using their 2015 data release [15], and a catalog of
26,000 galaxy clusters obtained from SDSS DR8 catalog
with the redMaPPer algorithm. One minor difference
between our analysis and R18, is that to obtain H(z),
which is needed for the χ2 functional, instead of non-
parametric smoothening, we fit the observational H(z)
data to a function, which is close to its dependence on
z in a flat ΛCDM cosmology. Using these catalogs we
obtain 90% c.l. upper limit of mg < 4.73 × 10−30 eV,
3.0× 10−30 eV, and 1.27× 10−30 eV from SPT, Planck,
and SDSS respectively (cf. Table I). These limits are
about five times more stringent than the corresponding
ones from R18.
Among the ongoing Stage-III dark energy experiments,
the Dark Energy Survey is expected to discover 100,000
clusters covering 5,000 square degrees [58] and the ex-
pected sensitivity using the same method is approxi-
mately 8× 10−31 eV. Stage IV dark energy experiments
such as Euclid are expected to discover about 2 × 106
clusters, of which one-fifth would be at z ≥ 1 [59]. The
estimated sensitivity to graviton mass using the Euclid
sample will be about 4× 10−31 eV. We caution however
these expected limits are back of the envelope estimates
obtained by scaling the SDSS catalog. For a more de-
tailed estimate, we need to use the mock catalogs ob-
tained from the simulated skies of these surveys. We
note of course that one can also obtain such limits from
single cluster analysis using the formalism in Ref. [2],
which will be complementary to the techniques discussed
in R18 and this work.
5TABLE I: Tabular summary of our 90% c.l. (upper) limits on the graviton mass (mg) and (lower) limits on the Compton
wavelength (λg) for SPT, Planck and SDSS catalogs.
Catalog
name
No.
of clusters
Type mg < (eV) λg > (km)
SPT 516 SZ 4.73 × 10−30 2.62 × 1020
Planck 907 SZ 3.0 × 10−30 4.12 × 1020
SDSS 26111 Optical 1.27 × 10−30 9.76 × 1020
Acknowledgments
Sajal Gupta is supported by a DST-INSPIRE fellow-
ship.
[1] A. Rana, D. Jain, S. Mahajan, and A. Mukherjee, Physics
Letters B 781, 220 (2018), 1801.03309.
[2] S. Desai, Physics Letters B 778, 325 (2018), 1708.06502.
[3] C. M. Will, Classical and Quantum Gravity 35, 17LT01
(2018), 1805.10523.
[4] A. F. Zakharov, P. Jovanovic´, D. Borka, and V. Borka
Jovanovic´, JCAP 4, 050 (2018), 1801.04679.
[5] B. P. Abbott et al. (Virgo, LIGO Scientific), Phys. Rev.
Lett. 116, 221101 (2016), 1602.03841.
[6] B. P. Abbott et al. (Virgo, LIGO Scientific), Phys. Rev.
Lett. 116, 061102 (2016), 1602.03837.
[7] B. P. Abbott et al. (VIRGO, LIGO Scientific), Phys. Rev.
Lett. 118, 221101 (2017), 1706.01812.
[8] C. de Rham, J. T. Deskins, A. J. Tolley, and S.-Y.
Zhou, Reviews of Modern Physics 89, 025004 (2017),
1606.08462.
[9] S. Lee, Eur. Phys. J. C78, 449 (2018), 1711.09038.
[10] A. A. Vikhlinin, A. V. Kravtsov, M. L. Markevich, R. A.
Sunyaev, and E. M. Churazov, Physics Uspekhi 57, 317-
341 (2014).
[11] E. S. Rykoff et al. (DES), Astrophys. J. Suppl. 224, 1
(2016), 1601.00621.
[12] E. S. Rykoff, E. Rozo, M. T. Busha, C. E. Cunha,
A. Finoguenov, A. Evrard, J. Hao, B. P. Koester,
A. Leauthaud, B. Nord, et al., Astrophys. J. 785, 104
(2014), 1303.3562.
[13] L. E. Bleem et al. (SPT), Astrophys. J. Suppl. 216, 27
(2015), 1409.0850.
[14] M. Hilton, M. Hasselfield, C. Sifo´n, N. Battaglia,
S. Aiola, V. Bharadwaj, J. R. Bond, S. K. Choi, D. Crich-
ton, R. Datta, et al., Astrophys. J. Suppl. Ser. 235, 20
(2018).
[15] P. A. R. Ade et al. (Planck), Astron. Astrophys. 594,
A27 (2016), 1502.01598.
[16] A. K. Romer, P. T. P. Viana, A. R. Liddle, and R. G.
Mann, Astrophys. J. 547, 594 (2001).
[17] D. Rapetti, S. W. Allen, A. Mantz, and H. Ebeling, Mon.
Not. R. Astron. Soc. 406, 1796 (2010), 0911.1787.
[18] S. Peirone, M. Raveri, M. Viel, S. Borgani, and S. An-
soldi, Phys. Rev. D95, 023521 (2017), 1607.07863.
[19] S. Bocquet et al. (SPT), Astrophys. J. 799, 214 (2015),
1407.2942.
[20] L. Pizzuti et al., JCAP 1707, 023 (2017), 1705.05179.
[21] F. Schmidt, A. Vikhlinin, and W. Hu, Phys. Rev. D 80,
083505 (2009), 0908.2457.
[22] L. Lombriser, K. Koyama, G.-B. Zhao, and B. Li, Phys.
Rev. D 85, 124054 (2012), 1203.5125.
[23] A. Terukina, L. Lombriser, K. Yamamoto, D. Bacon,
K. Koyama, and R. C. Nichol, JCAP 4, 013 (2014),
1312.5083.
[24] M. Cataneo, D. Rapetti, F. Schmidt, A. B. Mantz, S. W.
Allen, D. E. Applegate, P. L. Kelly, A. von der Linden,
and R. G. Morris, Phys. Rev. D 92, 044009 (2015),
1412.0133.
[25] H. Wilcox, D. Bacon, R. C. Nichol, P. J. Rooney,
A. Terukina, A. K. Romer, K. Koyama, G.-B. Zhao,
R. Hood, R. G. Mann, et al., Mon. Not. R. Astron. Soc.
452, 1171 (2015), 1504.03937.
[26] B. Li, J.-h. He, and L. Gao, Mon. Not. R. Astron. Soc.
456, 146 (2016), 1508.07366.
[27] E. Pointecouteau and J. Silk, Mon. Not. R. Astron. Soc.
364, 654 (2005), astro-ph/0505017.
[28] S. Rahvar and B. Mashhoon, Phys. Rev. D 89, 104011
(2014), 1401.4819.
[29] S. Ettori, V. Ghirardini, D. Eckert, F. Dubath, and
E. Pointecouteau, Mon. Not. R. Astron. Soc. 470, L29
(2017), 1612.07288.
[30] J. W. Moffat and S. Rahvar, Mon. Not. R. Astron. Soc.
441, 3724 (2014), 1309.5077.
[31] A. O. Hodson, H. Zhao, J. Khoury, and B. Famaey, As-
tron. & Astrophys. 607, A108 (2017), 1611.05876.
[32] A. S. Goldhaber and M. M. Nieto, Phys. Rev. D 9, 1119
(1974).
[33] M. G. Hare, Canadian Journal of Physics 51, 431 (1973).
[34] E. Holmberg, Arkiv for Astronomi 5, 305 (1969).
[35] R. Mukherjee and S. Sounda, Indian Journal of Physics
(2017), 1705.02444.
[36] A. O. Hodson and H. Zhao, Astron. & Astrophys. 598,
A127 (2017), 1701.03369.
[37] T. M. Nieuwenhuizen, Fortsch. Phys. 65, 1600050 (2017),
1610.01543.
[38] K. Umetsu and T. Broadhurst, Astrophys. J. 684, 177-
203 (2008), 0712.3441.
[39] K. Umetsu, M. Sereno, E. Medezinski, M. Nonino,
T. Mroczkowski, J. M. Diego, S. Ettori, N. Okabe,
T. Broadhurst, and D. Lemze, Astrophys. J. 806, 207
(2015), 1503.01482.
[40] N. Okabe, G. P. Smith, K. Umetsu, M. Takada, and
6T. Futamase, Astrophys. J. Lett. 769, L35 (2013).
[41] C. M. Will, Phys. Rev. D 57, 2061 (1998), gr-
qc/9709011.
[42] J. Ryan, S. Doshi, and B. Ratra, ArXiv e-prints (2018),
1805.06408.
[43] J. F. Jesus, R. F. L. Holanda, and S. H. Pereira, JCAP
5, 073 (2018), 1712.01075.
[44] A. Rana, D. Jain, S. Mahajan, and A. Mukherjee, JCAP
3, 028 (2017), 1611.07196.
[45] J. F. Navarro, C. S. Frenk, and S. D. M. White, Astro-
phys. J. 490, 493 (1997), astro-ph/9611107.
[46] M. Pshirkov, A. Tuntsov, and K. A. Postnov, Physical
Review Letters 101, 261101 (2008), 0805.1519.
[47] A. Loeb and N. Weiner, Physical Review Letters 106,
171302 (2011), 1011.6374.
[48] A´. O. F. de Almeida, L. Amendola, and V. Niro, ArXiv
e-prints (2018), 1805.11067.
[49] J. E. Carlstrom, P. A. R. Ade, K. A. Aird, B. A. Benson,
L. E. Bleem, S. Busetti, C. L. Chang, E. Chauvin, H.-
M. Cho, T. M. Crawford, et al., PASP 123, 568 (2011),
0907.4445.
[50] R. A. Sunyaev and Y. B. Zeldovich, Astrophysics & Space
Sciences 7, 3 (1970).
[51] A. Streblyanska, R. Barrena, J. A. Rubino-Martin,
R. F. J. van der Burg, N. Aghanim, A. Aguado-
Barahona, A. Ferragamo, and H. Lietzen, ArXiv e-prints
(2018), 1804.01356.
[52] H. Aihara, C. Allende Prieto, D. An, S. F. Anderson,
E´. Aubourg, E. Balbinot, T. C. Beers, A. A. Berlind,
S. J. Bickerton, D. Bizyaev, et al., Astrophys. J. Suppl.
Ser. 193, 29 (2011), 1101.1559.
[53] P. Melchior, D. Gruen, T. McClintock, T. N. Varga,
E. Sheldon, E. Rozo, A. Amara, M. R. Becker, B. A.
Benson, A. Bermeo, et al., Mon. Not. R. Astron. Soc.
469, 4899 (2017), 1610.06890.
[54] M. Simet, T. McClintock, R. Mandelbaum, E. Rozo,
E. Rykoff, E. Sheldon, and R. H. Wechsler, Mon. Not.
R. Astron. Soc. 466, 3103 (2017), 1603.06953.
[55] W. H. Press, S. A. Teukolsky, W. T. Vetterling, and B. P.
Flannery, Numerical recipes in FORTRAN. The art of
scientific computing (1992).
[56] M. D. Messier, Ph.D. thesis, Boston University (1999).
[57] S. R. Choudhury, G. C. Joshi, S. Mahajan, and B. H. J.
McKellar, Astroparticle Physics 21, 559 (2004), hep-
ph/0204161.
[58] T. Abbott et al. (DES), Mon. Not. Roy. Astron. Soc.
460, 1270 (2016), 1601.00329.
[59] B. Sartoris, A. Biviano, C. Fedeli, J. G. Bartlett, S. Bor-
gani, M. Costanzi, C. Giocoli, L. Moscardini, J. Weller,
B. Ascaso, et al., Mon. Not. R. Astron. Soc. 459, 1764
(2016), 1505.02165.
